The process of scattering of fast charged particles in thin crystals is considered in the transitional range of thicknesses, between those at which the channeling phenomenon is not developed and those at which it is realized. The possibility is shown of application of the methods of geometrical optics for description of the scattering process. The dependence is studied of the total scattering cross-section of ultrarelativistic positrons on target thickness in this range of crystal thicknesses. In the case of ultrarelativistic particles channeling the possibility is shown of the existence of an effect analogical to the Ramsauer-Townsend effect of conversion into zero of the total scattering cross-section at some values of crystal thickness. The important role is outlined of the Morse-Maslov index that enters into the wave function expression in the geometrical optics method.
Introduction
At motion of a fast charged particle in crystal along one of crystal axes or planes the correlations appear between its consequent collisions with the lattice atoms. Due to these correlations, the channeling phenomenon is possible, at which the particles move in channels created by crystal atomic strings or atomic planes by periodically deviating from the channel direction to small angles (see [1] [2] [3] and references therein). At passing of particles through ultrathin crystals whose thickness is small compared to the distance of one channeling oscillation period, the channeling phenomenon is absent [3] . In this case, there remains a possibility of manifestation of different coherent and interference effects in interaction of particles with lattice atoms. Some of these effects, connected with the study of angular distributions of the particles scattered by crystal were considered in the works [4, 5] basing upon the operator method [6] [7] [8] of the wave function determination in crystal.
In the present work we demonstrate the possibility of application of the geometrical optics method (see [9, 10] ) in the problem of particle scattering in crystal that allows one to express the wave function and the quantum scattering cross-section by the means of the family of classical particle trajectories in crystal. This opens new possibilities for application of numerical methods to description of high energy particles scattering in the fields of complex configuration such as, for example, the field of crystal lattice, and of the analysis of quantum properties of the particle scattering process in this case. The main attention we pay to the study of the dependence of the total scattering cross-section on target thickness. The possibility is shown of the quantum effect of conversion into zero of the total scattering cross-section for some specific values of target thickness. This effect is analogical to the RamsauerTownsend effect [11, 12] of conversion into zero of the total scattering cross-section of low energy electrons in the inert elements gases. In the considered problem, however, this effect is only revealed for ultrarelativistic particles. We indicate an important role in this problem of the MorseMaslov index [9, 10] , that enters into the expression of the wave function in the geometrical optics method.
Scattering amplitude and total scattering crosssection
The total scattering cross-section of a relativistic charged particle in an external field U (r) is defined by the formula known as the optical theorem (see, e.g. [13] ):
where p is the particle momentum, q = p − p is the momentum transferred to the external field and a (q) is the scattering amplitude
Here p and u are correspondingly the momentum and bispinor of the scattered particle and ψ (r) is the wave function of the initial particle. With use of the Dirac equation for ψ (r) and of the Gauss theorem, the scattering amplitude (2) may be presented in the form of a surface integral taken around the area of the external field influence [14] :
This formula for the scattering amplitude is true for any arbitrary potential U (r). The only requirement imposed onto this potential is that it was localized in a spatial region of the volume V . Let us note that the form of an enclosed surface in the integral entering into (3) can be arbitrary. At solution of a number of problems it is convenient to choose a surface of a cylinder whose borders are perpendicular to the momentum p of incident particle and are situated near the region of entering of the particle into the external field and its exit from this field, and its lateral side is moved away to a large distance from the region where the potential is not zero (see Fig. 1 ). By neglecting this contribution into the amplitude (3) from the lateral side of the cylinder, we come to the following expression for the scattering amplitude: 
where the z axis is parallel to the incident particle momentum, ρ = (x, y) are the coordinates in the transversal plane and L is the thickness of the target interacting with the particle.
Continuous potential of crystal axes and planes
At deduction of the formula (4) the concrete form of the potential U (r) was not used, therefore this formula can be used for calculation of the scattering amplitude in the fields of quite complex configuration, such, for example, as the field of a totality of crystal lattice atoms
where u (r − r n ) is the potential of the field of each separate lattice atom with the position r n .
A particular interest represents the case of incidence of fast charged particles onto a thin crystal along one of crystallographic axes or planes. This case is interesting because at such motion there appear correlations between consequent collisions of a particle with the lattice atoms, that can result in the phenomenon of channeling of particles in the crystal, at which the particles move inside the channels formed by crystal atomic strings or crystal atomic planes periodically situated in the crystal. The substantial thing here is that at passing of high energy particles through thin crystals one can neglect the influence of incoherent effects onto the motion, that are connected with the thermal spread of the atoms positions in the lattice. In this case the particles motion will be determined basically by the continuous potential pf crystal atomic strings or planes, depending on the conditions of entering of particles into the crystal [1] [2] [3] . The continuous potential of crystal atomic strings is the lattice potential averaged along the string axis:
The continuous potential of crystal atomic planes is the potential U (r) averaged over the coordinates (y, z):
where L and L y are the crystal thicknesses along the coordinates z and y. The continuous potential approximation allows one to significantly facilitate the description of the particle motion in crystal in the frames of both classical and quantum theories, by reducing the problem to the motion of a particle in a two-dimension (6) and one-dimension (7) potentials.
Coherent scattering
For calculation of the wave function of an electron moving in the fields (6) or (7) we will take profit of the squared Dirac equation with the initial condition that represents entering of a plane wave into the crystal. By neglecting in this equation the spin-field interaction and U c /ε, we come to the following equation for the function ϕ (r), that determines in the external field the wave function deviation ψ (r) = ϕ (r) u p e ipr/ from the plane wave [4] :
wherep ⊥ = −i (∂/∂ρ), p and u p are correspondingly the momentum and bispinor of the plane wave incident onto the crystal. Despite the simplifications made, the solution of the equation (8) represents itself quite a hard problem in view of a complex form of the function U c (ρ) (see, e.g. [3] ). Therefore for determination of the function ϕ (ρ, z), satisfying the condition ϕ (ρ, z) z≤0 = 1, the use of approximated or numerical methods is required.
In the simplest case of high energies and ultrasmall crystal thicknesses, where the particle motion is similar to rectilinear, the eikonal approximation is applicable for obtaining the function ϕ (r). In this approximation the function ϕ (r) has the following form [3, 15] :
By using this function, we come to the following expression for the scattering amplitude in the eikonal approximation:
where L is the crystal thickness and
At L → 0 the formula (10) is transformed into the corresponding result of the Born approximation, according to which the scattering amplitude is proportional to the target thickness:
In this case the differential and total scattering cross-sections are proportional to the square of crystal thickness (or to the square of the number of atoms with which the particle interacts while passing through crystal). This effect is known as the coherent scattering process at particles scattering in crystal [3] . This effect is possible if |χ 0 | , that corresponds by the order of value to satisfying the condition N Ze
where N = L/a, a is the distance between crystal atoms, with which the particle interacts, and Z |e| is the charge of a separate crystal atom.
With the target thickness increase, at violation of the condition (12), the coherent effect in scattering destroys. In this case the quadratic dependence of both differential and total scattering cross-sections on L are substituted by a more weak logarithmic dependence [3, 16] .
The analysis of corrections to the eikonal approximation in the considered problem shows that the applicability condition of this approximation in the considered problem
quickly destroys with the target thickness increase, where R is the screening radius of the separated crystal atom potential. This inequality, in fact, represents itself the condition of a weak deflection of particle trajectory in crystal from rectilinear motion. At violation of this condition, the phenomena become possible of channeling and abovebarrier motion of particles in the field of continuous potential of crystal atomic strings (6) and atomic planes (7) . In this case, the analysis of the particle scattering process in crystal requires a special consideration that allows to go aver the frames of the eikonal approximation.
Geometrical optics approximation
The description of the scattering process of a particle by crystal at violation of the condition (13) can be performed basing upon the geometrical optics approximation. This approximation represents one of the variants of the quasiclassical approximation of quantum electrodynamics in which the wave function is determined by a family of classical particle trajectories in an external field [9, 10] .
In the quasiclassical approximation, the wave function in the field U (r) has the following form [3, 10] :
where S (r) is the classical action satisfying the HamiltonJacobi equation
The pre-exponent function f in (14) is a function satisfying the continuity condition
The bispinor u entering into (14) , in neglecting the interaction spin-field, represents the bispinor u 0 of the incident particle. At high energies, in the action S (r) = pr + χ (r) it is convenient to separate the term pr determining the plane wave part of the wave function of the incident particle. Then the function χ (r) will define the addition to the wave function phase (14) that is connected with the interaction of the particle with the external field. This function, according to (15) , will be determined in the approximation |U (r)| ε by the following equation:
The solution of this equation in the area of the external field action 0 ≤ z ≤ L has the following form:
where b is the value of the transversal coordinate at the particle entering into the crystal and ρ (b, z) is the trajectory of the transversal motion of a particle that is the solution of the equation of motion [1] [2] [3] 
with the initial condition ρ (b, z)
The solution of the continuity equation (16) is determined by the following determinant [9, 10] :
where τ is the length of the particle trajectory in crystal (in our case τ ≈ z ). This solution determines the connection of a family of particle trajectories in the depth z of their penetration into the crystal, with the values b of initial coordinates of the wave entering into the crystal. By using the obtained expressions for χ and D, we come to the following expression for the wave function ψ (ρ, L) that enters into the scattering amplitude (4)
where µ is the Morse-Maslov index [9, 10] that is connected with the number of transitions of the determinant D through zero on the interval 0 < z < L.
Total scattering cross-section in the field of crystal atomic planes
Let us consider the simplest variant of the formulas obtained above, in which an ultrarelativistsic positron enters into the crystal along crystal atomic planes. The continuous interplanar potential (7) in this case, with a good precision, may be approximated by a parabolic function [2, 3] 
(in the case of the motion in the field of crystal planes we will designate as a the distance between the adjacent crystal atomic planes). For the Si (110) atomic planes, for example, U 0 ≈ 22.7 eV.
At motion in such a field, according to (19), a particle performs a harmonic motion in the transversal direction
with the frequency Ω = 8U 0 /εa 2 . For such a motion the functions χ (r) and D (r) are calculated analytically:
The total scattering cross-section (1) in this case takes the following form:
where L x and L y are linear dimensions of a crystal along the x and y axes. In calculation of the zero angle scattering amplitude we switched over in (4) from the integration over the final coordinate x to the integration over impact parameters b with use of the relation dx (b) = |dx/db| db. At ε → ∞, we have Ω → 0. The value µ in this case is equal to zero. In this case the formula (25) transforms into the following result of the eikonal approximation (10) .
In Fig. 2 we present the dependence (25) of the total scattering cross-section on the target thickness L for positrons with the energy ε = 100 MeV, incident onto the silicon crystal alongside crystal planes (110). The ordinate axis is the value σ t /(L x L y ), and the abscissa axis is the value L/T , where T = Ω/2π is the period of the positron oscillations inside the channel. On the same plot we present the results of calculation of the dependence of σ t on L obtained basing upon the operator method of the wave function determination (for the details of calculation with use of this method we refer the reader to [4] ).
The obtained results show that both methods bring to quite similar results of calculations. The dependence of the total scattering cross-section on target thickness, as the results show, is quite complex. Let us pay attention to some particularities of this dependence. At L → 0, the coherent effect in scattering takes place, according to which the total scattering cross-section σ t is proportional to the square of the target thickness, σ t ∝ L 2 . With the target thickness increase this effect destroys, and the scattering cross-section is about a constant value. At the values of L that are close to the half-period of oscillation of the channelled positron, the total scattering crosssection, as Fig. 2 shows, suffers substantial changes caused by the change of the Morse-Maslov index at each conversion to zero of the determinant (20) with the increase of L and the structure of the determinant entering into (25).
Let us pay a particular attention to the fact that at the values of L equal to the whole number values of the doubled period of the particle oscillations in crystal (L ≈ 2T ), the total scattering cross-section is close to zero. The uncommonness of this phenomenon consists in the fact that the positrons, while passing through crystal, are subject to the crystal lattice field impact. But the scattering of particles in absent. We outline that this effect takes place for ultrarelativistic particles. By the other words, the field and the force acting to the particle are present but the scattering is absent! This effect is analogical to the Ramsauer-Townsend effect of conversion into zero of the total scattering crosssection of low energy electrons (ε ≈ 0.7 eV ) on the atoms of the inert elements gases (Ar, Kr, Xe,...), that was discovered experimentally at the dawn of the quantum mechanics creation [11, 12, 17] . Niels Bohr was delighted with this effect, so far as it is a direct manifestation of the quantum properties of matter. The particularity of the effect considered in the present work is that it takes place for ultrarelativistic particles. Let us note that, if we will formally suppose µ = 0 than the dependence of the total scattering cross-section on thickness changes substantially (see Fig. 2b ). In this case, the conversion of σ t into zero takes place at each half-period of positron oscillations in the channel.
It could seem that the considered effect of conversion to zero of the total scattering cross-section would be characteristic for the positively charged particles only, for which the oscillation period is constant on entire impact parameters range. Nevertheless, the analysis of the dependence σ t = σ t (L) for electrons at scattering in the continuous potential of crystal atomic planes (7) shows that an analogical effect is also possible for such particles. It is, however, expressed less brightly than for the positively charged particles. An analogical effect is also possible in a more complex case of scattering in a two-dimensional potential of crystal atomic strings (6) . Indicative in this connection is the evolution of the dependence of angular distributions of scattered particles with the crystal thickness increase (see Fig. 3 in [4] ). A detailed analysis of the process of particles scattering in a crystal in these cases, however, requires a particular consideration.
